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TWISTORIAL EXAMPLES OF RIEMANNIAN ALMOST
PRODUCT MANIFOLDS AND THEIR GIL-MEDRANO AND
NAVEIRA TYPES
JOHANN DAVIDOV
Abstract. Non-trivial examples of Riemannian almost product structures are
constructed on the product bundle of the positive and negative twistor spaces
of an oriented Riemannian four-manifold. The Gil-Medrano and Naveira types
of these structures are determined and a geometric interpretation of the cor-
responding classes is given.
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1. Introduction
Recall that a Riemannian almost product manifold is a Riemannian manifold
(N, h) endowed with a pair of orthogonal distributions V and H on N such that
TN = V ⊕H , rank V < dimN . A Riemannian manifold of dimension n admits an
almost product structure (V,H) with rank V = d if and only if the structure group
of the manifold can be reduced to the group O(d) ×O(n − d). The decomposition
TN = V ⊕H determines an orthogonal isomorphism P of the tangent bundle TN
with P |V = Id, P |H = −Id, hence P 2 = Id, P 6= ±Id at every point of N .
Conversely, an orthogonal isomorphism P of TN with P 2x = Id, Px 6= ±Id for
every x ∈ N , defines an almost product structure on (N, h) provided the dimension
d(x) of the (+1)-eigenspaces Vx of Px is constant. An isomorphism P with these
properties is also called an almost product structure on (N, h). The distribution
V on which P is the identity map is usually called vertical, while the orthogonal
distribution H is called horizontal.
Similar to the Gray-Hervella classification of almost Hermitian manifolds [9],
A.M. Naveira [15] has introduced 36 classes of Riemannian almost product man-
ifolds. These come from an orthogonal invariant decomposition under the action
of the group O(d) × O(n − d) on the space of covariant 3-tensor on an Euclidean
vector space having the same symmetries as the the covariant derivative of the
fundamental form Φ(X,Y ) = h(PX, Y ) of a Riemannian almost product manifold.
This decomposition have been found by Naveira [ibid.] and it has been proved by
F.J. Carreras [3] that it is irreducible.
Naveira [ibid.], Gil-Medrano [12] and A. Montesinos [14] have given geometric
interpretations of the Naveira classes. V. Miquel [13] has constructed examples for
each class.
The author is partially supported by the National Science Fund, Ministry of Education and
Science of Bulgaria under contract DN 12/2 .
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Gil-Medrano [ibid] has introduced algebraic conditions for the covariant deriv-
ative of P restricted to the distributions V and H (see also Sec. 4) and has given
their geometric characterization. Combining one of these conditions on V with one
on H , we can cover the 36 classes of Naveira.
A trivial example of a Riemannian almost product manifold is the product N =
M1×M2 of Riemannian manifolds with V = TM1 and H = TM2. In this paper, we
use twistor theory to provide non-trivial examples of Riemannina almost product
manifolds. Let (M, g) be an oriented four-dimensional Riemannian manifold, and
let Z± be the twistor spaces of (M, g), the bundles over M whose sections are
almost complex structures onM compatible with the metric and ± the orientation.
These are S2-bundles over M . The product bundle P = Z+×Z− admits a natural
2-parameter family Gt1,t2 , t1, t2 > 0, of Riemannian metrics and four compatible
almost product structures Kν . We show that these structures are not integrable,
so they are not trivial products even locally. We also find the Gil-Medrano types
of (P, Gt1,t2 ,Kν), ν = 1, ..., 4, in terms of the curvature of the base manifold (M, g)
and specific values of the parameters t1, t2. Using this, we determine the Naveira
classes of (P, Gt1,t2 ,Kν). Finally we give a geometric interpretation of the obtained
results.
2. Preliminaries
2.1. The twistor space of a four-manifold. Let (M, g) be an oriented Riemann-
ian manifold of dimension four. The metric g induces a metric on the bundle of
two-vectors pi : Λ2TM →M by the formula
g(v1 ∧ v2, v3 ∧ v4) =
1
2
det[g(vi, vj)].
The Levi-Civita connection of (M, g) determines a connection on the bundle Λ2TM ,
both denoted by ∇, and the corresponding curvatures are related by
R(X ∧ Y )(Z ∧ T ) = R(X,Y )Z ∧ T + Z ∧R(X,Y )T
for X,Y, Z, T ∈ TM . The curvature operator R is the self-adjoint endomorphism
of Λ2TM defined by
g(R(X ∧ Y ), Z ∧ T ) = g(R(X,Y )Z, T )
Let us note that we adopt the following definition for the curvature tensor R :
R(X,Y ) = ∇[X,Y ] − [∇X ,∇Y ].
The Hodge star operator defines an endomorphism ∗ of Λ2TM with ∗2 = Id.
Hence we have the orthogonal decomposition
Λ2TM = Λ2−TM ⊕ Λ
2
+TM
where Λ2±TM are the subbundles of Λ
2TM corresponding to the (±1)-eigenvalues
of the operator ∗.
Let (E1, E2, E3, E4) be a local oriented orthonormal frame of TM . Set
s±1 = E1∧E2±E3∧E4, s
±
2 = E1 ∧E3±E4∧E2, s
±
3 = E1∧E4±E2∧E3. (1)
Then (s±1 , s
±
2 , s
±
3 ) is a local orthonormal frame of Λ
2
±TM defining an orientation
on Λ2±TM , which does not depend on the choice of the frame (E1, E2, E3, E4) (see,
for example, [6]).
For every a ∈ Λ2TM , define a skew-symmetric endomorphism Ka of Tpi(a)M by
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g(KaX,Y ) = 2g(a,X ∧ Y ), X, Y ∈ Tpi(a)M. (2)
It is easy to check that:
Ka ◦Kb = Kb ◦Ka, if a ∈ Λ
2
±TpM, b ∈ Λ
2
∓TpM ;
Ka ◦Kb = −Kb ◦Ka, if a, b ∈ Λ2±TpM, a ⊥ b.
(3)
Note also that, denoting by γ the standard metric − 12Trace PQ on the space of
skew-symmetric endomorphisms, we have γ(Ka,Kb) = 2g(a, b) for a, b ∈ Λ2TM . If
σ ∈ Λ2±TM is a unit vector, then Kσ is a complex structure on the vector space
Tpi(σ)M compatible with the metric and ± the orientation of M . Conversely, the 2-
vector σ dual to one half of the fundamental 2-form of such a complex structure is a
unit vector in Λ2±TM . Thus, the unit sphere subbunlde Z± of Λ
2
±TM parametrizes
the complex structures on the tangent spaces of M compatible with its metric and
± orientation. The subbundles Z+ and Z− are called the postive and the negative
twistor space of M . They are the two connected components of the bundle over M
whose fibre at a point p ∈M consists of all complex structures on TpM compatible
with the metric.
The connection ∇ on Λ2TM induced by the Levi-Civita connection of M pre-
serves the bundles Λ2±TM , so it induces a metric connection on each of them
denoted again by ∇. The horizontal distribution of Λ2±TM with respect to ∇ is
tangent to the twistor space Z±. Thus, we have the decomposition TZ± = H⊕ V
of the tangent bundle of Z± into horizontal and vertical components. The vertical
space Vτ = {V ∈ TτZ± : pi∗V = 0} at a point τ ∈ Z± is the tangent space to the
fibre of Z± through τ . Considering TτZ± as a subspace of Tτ (Λ2±TM), Vτ is the
orthogonal complement of τ in Λ2±Tpi(τ)M . The map V ∋ Vτ → KV gives an iden-
tification of the vertical space with the space of skew-symmetric endomorphisms
of Tpi(τ)M which anti-commute with Kτ . Let s be a local section of Z± such that
s(p) = τ where p = pi(τ). Considering s as a section of Λ2±TM , we have ∇Xs ∈ Vτ
for every X ∈ TpM since s has a constant length. Moreover, X
h
τ = s∗X −∇Xs is
the horizontal lift of X at τ .
Denote by × the usual vector cross product on the oriented 3-dimensional vector
space Λ2±TpM , p ∈M , endowed with the metric g. Then it is easy to check that
g(R(a)b, c) = ±g(R(a), b× c)) (4)
for a ∈ Λ2TpM , b, c ∈ Λ2±TpM . Also
Kb ◦Kc = −g(b, c)Id±Kb×c, b, c ∈ Λ2±TpM. (5)
Denote by B : Λ2TM → Λ2TM the endomorphism corresponding to the traceless
Ricci tensor. If s denotes the scalar curvature of (M, g) and ρ : TM → TM is the
Ricci operator, g(ρ(X), Y ) = Ricci(X,Y ), we have
B(X ∧ Y ) = ρ(X) ∧ Y +X ∧ ρ(Y )−
s
2
X ∧ Y.
Note that B sends Λ2±TM into Λ
2
∓TM . Let W : Λ
2TM → Λ2TM be the endomor-
phism corresponding to the Weyl conformal tensor. Denote the restriction of W to
Λ2±TM byW±, soW± sends Λ
2
±TM to Λ
2
±TM and vanishes on Λ
2
∓TM . Moreover,
TraceW± = 0.
4 JOHANN DAVIDOV
It is well known that the curvature operator decomposes as ([17], see e.g. [2,
Chapter 1 H])
R =
s
6
Id+ B +W+ +W− (6)
Note that this differs by a factor 1/2 from [2] because of the factor 1/2 in our
definition of the induced metric on Λ2TM . Note also that changing the orientation
ofM interchanges the roles of Λ2+TM and Λ
2
−TM , correspondingly the roles ofW+
and W−.
The Riemannian manifold (M, g) is Einstein exactly when B = 0. It is called
anti-self-dual (self-dual), if W+ = 0 (resp. W− = 0). By a famous result of
Atiyah-Hitchin-Singer [1], the anti-self-duality (self-duality) condition is necessary
and sufficient for integrability of a naturally defined almost complex structure on
Z+ (resp., Z−).
3. Riemannian almost product structure on the product bundle
Z+ ×Z−
Let P = Z+ ×Z− be the product bundle over M of the bundles Z±.
The projection to M of the vector bundle Λ2+TM ⊕Λ
2
−TM will be denoted by pi
and we shall use the same symbol for its restriction to the subbundle P = Z+×Z−.
By abuse of notation, the direct sum of the connections ∇|Λ2± will also be denoted
by ∇.
Let κ = (σ+, σ−) ∈ P and p = pi(κ). Take sections φ± of Λ2± such that φ
±(p) =
σ± and ∇φ±|p = 0. Then Φ = ( φ
+
||φ+|| ,
φ−
||φ−||) is a section of Λ
2
+TM ⊕ Λ
2
−TM
taking values in P and such that Φ(p) = κ, ∇Φ|p = 0. Hence the horizontal
space Hκ = Φ∗(TpM) of connection ∇ on Λ2+TM ⊕ Λ
2
−TM at κ is tangent to the
submanifold P. Thus, we have the decomposition TκP = Hκ ⊕ Vκ into horizontal
and vertical parts, where the vertical space Vκ of the bundle P→M is clearly the
product of the vertical spaces Vσ± of the bundles Z± → M . This decomposition
allows one to define four almost product structures Kν on P, ν = 1, .., 4, setting
KνXhκ = (Kσ+ ◦Kσ−X)
h
κ
for X ∈ TpM,
K1(V +, V −) = (V +, V −), K2(V +, V −) = (V +,−V −),
K3(V +, V −) = −(V +, V −), K4(V +, V −) = (−V +, V −)
for (V +, V −) ∈ Vκ .
It is convenient to set ε1 = ε2 = 1, ε3 = ε4 = −1, so that
Kν(V ) = εν(V
+, (−1)ν+1V −), V = (V +, V −) ∈ Vκ , ν = 1, ..., 4.
Clearly K2ν = Id. The endomorphism Pκ = Kσ+ ◦Kσ− of TpM is an involution
different form ±Id and its ±1 eigenspaces are invariant under Kσ+ andKσ− . Hence
we can find an oriented orthonormal basis E1, ..., E4 of TpM such that Kσ+E1 =
Kσ−E1 = E2 and Kσ+E3 = −Kσ−E3 = E4. Then PκEi = −Ei for i = 1, 2 and
PκEj = Ej for j = 3, 4. Therefore the dimensions of the (+1) and (−1)-eigenspaces
of K1, ...,K4 are (6, 2), (4, 4), (2, 6), (4, 4), respectively. Thus, Kν , ν = 1, ..., 4, are
almost product structures on the manifold P.
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For t = (t1, t2) with t1 > 0, t2 > 0, define a 2-parameter family of Riemannian
metrics Gt on P by
Gt(X
h + V, Y h +W )κ = g(X,Y ) + t1g(V
+,W+) + t2g(V
−,W−),
where X,Y ∈ Tpi(κ)M and V = (V
+, V −),W = (W+,W−) ∈ Vκ.
Clearly, the projection pi : (P, Gt)→ (M, g) is a Riemannian submersion. More-
over, the almost product structures Kν are compatible with every metric Gt.
Let (U, x1, ..., x4) be a local coordinate system of M , and let (E1, ..., E4) be an
oriented orthonormal frame of TM on U. If s±i , i = 1, 2, 3, are the local frames
of Λ2±TM define by (1), for κ = (σ
+, σ−) ∈ pi−1(U), set x˜α = xα ◦ pi, y±j (κ) =
g(σ±, (s±j ◦ pi)(κ)), 1 ≤ α ≤ 4, 1 ≤ j ≤ 3. Then {x˜α, y
+
j , y
−
j } are local coordinates
of the manifold Λ2+TM ⊕ Λ
2
−TM on pi
−1(U).
The horizontal lift Xh on pi−1(U) of a vector field
X =
4∑
α=1
Xα
∂
∂xα
is given by
Xh =
4∑
α=1
(Xα ◦ pi)
∂
∂x˜α
−
3∑
j,k=1
y+j (g(∇Xs
+
j , s
+
k ) ◦ pi)
∂
∂y+k
−
3∑
j,k=1
y−j (g(∇Xs
−
j , s
−
k ) ◦ pi)
∂
∂y−k
.
(7)
Hence
[Xh, Y h] = [X,Y ]h
+
3∑
j,k=1
y+j (g(R(X ∧ Y )s
+
j , s
+
k ) ◦ pi)
∂
∂y+k
+
3∑
j,k=1
y−j (g(R(X ∧ Y )s
−
j , s
−
k ) ◦ pi)
∂
∂y−k
.
(8)
for every vector fields X,Y on U. Using the standard identification
Tω(Λ
2
±Tpi(ω)M) ∼= Λ
2
±Tpi(ω)M, ω ∈ Z±,
we obtain from (8) the well-known formula
[Xh, Y h]κ = [X,Y ]
h
κ
+Rp(X ∧ Y )κ, κ = (σ
+, σ−) ∈ Z+ ×Z−, p = pi(κ), (9)
where Rp(X ∧ Y )κ = (Rp(X ∧ Y )σ+, Rp(X ∧ Y )σ−) ∈ Vκ = Vσ+ × Vσ− .
Note also that it follows from (4) that if κ = (σ+, σ−) ∈ Z+ × Z− and V =
(V +, V −) ∈ Vκ , X,Y ∈ Tpi(κ)M ,
Gt(R(X,Y )κ, V ) = g(R(t1σ
+ × V + − t2σ
− × V −), X ∧ Y ). (10)
For any (local) section a = (a+, a−) of Λ2+TM⊕Λ
2
−TM , denote by a˜ = (a˜
+, a˜−)
the vertical vector field on P defined by
a˜±
κ
= a±(p)− g(a±(p), σ±)σ±, κ = (σ+, σ−), p = pi(κ). (11)
Note that for every κ ∈ P we can find sections a1, ..., a4 of Λ2+TM⊕Λ
2
−TM near
the point p = pi(κ) such that a˜1, ..., a˜4 form a basis of the vertical vector space at
each point in a neighbourhood of κ.
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The next lemma is a kind of folklore appearing in different contexts (cf, for
example, [7, 5]).
Lemma 1. Let X be a vector field on M and let a = (a+, a−) be a section of
Λ2+TM ⊕ Λ
2
−TM defined on a neighbourhood of the point p = pi(κ), κ ∈ P. Then:
[Xh, a˜]κ = (˜∇Xa)
κ
Proof. Fix a point p ∈ M , take an oriented orthonormal frame (E1, ..., E4) of TM
such that ∇Ei|p = 0, and define s
±
i , i = 1, 2, 3, by (1). Set a
± =
3∑
i=1
a±i s
±
i . Then,
in the local coordinates of Λ2+TM ⊕ Λ
2
−TM introduced above,
a˜ =
3∑
i=1
[a˜+i
∂
∂y+i
+ a˜−i
∂
∂y−i
],
where
a˜± =
3∑
i=1
[a±i ◦ pi − y
±
i
3∑
j=1
y±j (a
±
j ◦ pi)]
∂
∂y±i
Let us also note that for every vector field X on M near the point p, we have by
(7)
Xh
κ
=
4∑
α=1
Xα(p)
∂
∂x˜α
(κ), [Xh,
∂
∂y±i
]κ = 0, i = 1, 2, 3,
since ∇s±i |p = 0, i = 1, 2, 3. Hence
[Xh, a˜]κ =
3∑
i=1
[X(a+i )− y
+
i (κ)
3∑
j=1
y+j (κ)Xp(a
+
j )]
∂
∂y+j
(κ)
+
3∑
i=1
[X(a−i )− y
−
i (κ)
3∑
j=1
y−j (κ)Xp(a
−
j )]
∂
∂y−j
(κ).
On the other hand, considering a˜ as a section of Λ2+TM ⊕ Λ
2
−TM , we have for
X ∈ TpM
DX a˜ =
3∑
i=1
[X(a+i )− y
+
i (κ)
3∑
j=1
y+j (κ)Xp(a
+
j )]s
+
i (p)
+
3∑
i=1
[X(a−i )− y
−
i (κ)
3∑
j=1
y−j (κ)Xp(a
−
j )]s
−
i (p).
This proves the lemma. 
Denote by D the Levi-Civita connection of (P , Gt).
Let κ = (σ+, σ−) ∈ P and p = pi(κ). As we have noticed, we can find an oriented
orthonormal basis (E1, ..., E4) of TpM such that σ
± = E1 ∧E2 ±E3 ∧E4. Extend
this basis to an oriented orthonormal frame of vector fields in a neighbourhood
of p such that ∇Eα|p = 0, α = 1, ..., 4. Define s
±
i , i = 1, 2, 3, by (1), so that
s±1 (p) = σ
± and ∇s±i |p = 0. The vertical vector fields a˜1, ..., a˜4 determined by the
sections a1 = (s
+
2 , 0), a2 = (s
+
3 , 0), a3 = (0, s
−
2 ), a4 = (0, s
−
3 ) of Λ
2
+TM ⊕ Λ
2
−TM
form a frame of the vertical bundle V of P in a neighbourhood of κ. Let V ∈ Vκ
and let v be a section of Λ2+TM ⊕ Λ
2
−TM such that v(p) = V and ∇v|p = 0.
Denote by v˜ the vertical vector field corresponding to this section. By Lemma 1,
[Xh, a˜l]κ = [X
h, v˜]κ = 0, l = 1, ..., 4, for every vector field X in a neighbourhood
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of p. It follows from the Koszul formula for the Levi-Civita connection that the
vectors (Dv˜a˜l)κ for all l = 1, ..., 4 are Gt-orthogonal to every horizontal vector X
h
κ
.
Hence DV a˜l are vertical tangent vectors of P at κ. It follows that, for every vertical
vector field W , DVW is a vertical vector field. Thus, the fibres of P are totally
geodesic submanifolds. This, of course, follows also from the Vilms theorem (see,
for example, [2, Theorem 9.59].
The proof of the following lemma is practically given in [4, 5]) and we present it
here just for completeness.
Lemma 2. If X,Y are vector fields on M and V = (V +, V −) is a vertical vector
field on P, then
(DXhY
h)κ = (∇XY )
h
κ
+
1
2
R(X,Y )κ. (12)
(DVX
h)κ = H(DXhV )κ = −
1
2
(Rp(t1σ
+ × V + − t2σ
− × V −)X)h
κ
(13)
where κ = (σ+, σ−) ∈ P, p = pi(κ), and H means ”the horizontal component”.
Proof. The Koszul formula, identity (8), and Lemma 1 imply
(DXhY
h)κ = (∇XY )
h
κ
+
1
2
R(X,Y )κ.
Next, DVX
h is orthogonal to any vertical vector field W since DVW is a vertical
vector field. Thus DVX
h is a horizontal vector field. Hence DVX
h = HDXhV
since [V,Xh] is a vertical vector field. Therefore
Gt(DVX
h, Y h)κ = Gt(DXhV, Y
h)κ = −Gt(V,DXhY
h)κ
= −
1
2
Gt(R(X,Y )κ, V )
(14)
Thus, (13) follows from (10). 
Set
Ft,ν(A,B) = Gt(KνA,B), A,B ∈ TP.
Corollary 1. Let κ = (σ+, σ−) ∈ P, X,Y ∈ Tpi(κ)M , V ∈ Vκ. Then
(DXh
κ
Ft,ν)(Y
h, U) = −
1
2
Gt(KνR(X,Y )κ, U) +
1
2
Gt(R(X,PκY )κ, U),
where Pκ = Kσ+ ◦Kσ− .
Proof. This follows from the identity
(DXh
κ
Ft,ν)(Y
h, U) = −Gt(KνDXh
κ
Y h, U)−Gt((PκY )
h
κ
, DXh
κ
U)
and identities (12), and (14).

Lemma 3. Let κ = (σ+, σ−) ∈ P, X,Y, Z ∈ Tpi(κ)M , and U, V,W ∈ Vκ. Then:
(i) (DXh
κ
Ft,ν)(Y
h, Zh) = 0;
(ii)
(DXh
κ
Ft,ν)(Y
h, U) = − 12ενg(R(t1σ
+ × U+ + (−1)νt2σ− × U−), X ∧ Y )
+ 12g(R(t1σ
+ × U+ − t2σ
− × U−), X ∧Kσ+Kσ−Y );
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(iii)
(DUFt,ν)(Y
h, Zh)κ = gp((Kσ−KU+ +Kσ+KU−)Y, Z)
+ 12g(R(t1σ
+ × U+ − t2σ− × U−), Y ∧Kσ+Kσ−Z −Kσ+Kσ−Y ∧ Z);
(iv) (DXh
κ
Ft,ν)(U, V ) = 0;
(v) (DUFt,ν)(X
h, V ) = 0;
(vi) (DUFt,ν)(V,W ) = 0;
Proof. Take an oriented orthonormal basis E1, ..., E4 of TpM such that σ
± = E1 ∧
E2 ± E3 ∧ E4. Extend the basis E1, ..., E4 to an oriented orthormal frame in a
neighbourhood of the point p such that ∇Eα|p = 0, α = 1, ..., 4. Using this frame,
define sections s±i , i = 1, 2, 3, of Λ
2
±TM by (1); clearly ∇s
±
i |p = 0. Also, extend Y
and Z to vector fields such that ∇Y |p = ∇Z|p = 0. Then
(DXh
κ
Ft,ν)(Y
h, Zh) = Xh
κ
(Gt(KνY h, Zh))
−Gt(KνDXh
κ
Y h, Zh)−Gt(Y h,KνDXh
κ
Zh) = Xh
κ
(Gt(KνY h, Zh))
since KνDXh
κ
Y h and KνDXh
κ
Zh are vertical vectors by (12). Setting S = (s+1 , s
−
1 ),
we get a section of P with S(p) = κ, ∇S|p = 0. Hence
Xh
κ
(Gt(KνY h, Zh)) = Xp(Gt(KνY h, Zh)) ◦ S) = Xp(g(Ks+
1
◦Ks−
1
Y, Z))
= Xp(−
2∑
k=1
g(Ek, Y )g(Ek, Z) +
4∑
l=3
g(El, Y )g(El, Z)) = 0
since ∇Eα|p = ∇Y |p = ∇Z|p = 0. This proves identity (i).
Extending the vector U to a vertical vector field in a neighbourhood of κ, we
see that
(DXh
κ
Ft,ν)(Y
h, U) = −Gt(DXhY
h,KνU)κ −Gt(KνY
h, DUX
h)κ
since the vector KνY
h is horizontal, while U and [Xh, U ] are vertical. Thus, the
second formula of the lemma follows from (12), (13), and (10).
Formula (ii) follows from Corollary 1 and (10).
Formula (iii) follows from (13) and the identity
U(Gt(KνY h, Zh)) =
3∑
i,j=1
U(y+i y
−
j (g(Ks+
i
Ks−
j
Y, Z) ◦ pi))
= gp((KU+Kσ− +Kσ+KU−)Y, Z).
To prove (iv), take sections a = (a+, a−) and b = (b+, b−) of Λ2+TM ⊕ Λ
2
−TM
such that a(p) = U , b(p) = V and ∇a|p = ∇b|p = 0. Let a˜ = (a˜+, a˜−) and
b˜ = (˜b+, b˜−) be the vertical vector fields on P defined by means of a and b via (11).
Then a˜(κ) = U , b˜(κ) = V , and [Xh, a˜]κ = [X
h, b˜]κ = 0 by Lemma 1. Hence DXh
κ
a˜
and DXh
κ
b˜ are horizontal vectors by (13). Thus,
(DXh
κ
Ft)(U, V ) = X
h
κ
(Gt(Kν a˜, b˜)).
We have Xh
κ
(y±i ) = 0, i = 1, 2, 3, by (7). Moreover,
g(a˜+, b˜+) = g(a+, b+) ◦ pi −
3∑
i,j=1
y+i y
+
j (g(a
+, s+i ) ◦ pi)(g(b
+, s+j ) ◦ pi)
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Hence Xh
κ
(g(a˜+, b˜+)) = 0. Similarly Xh
κ
(g(a˜−, b˜−)) = 0. Therefore
Xh
κ
(Gt(Kν a˜, b˜)) = 0.
This proves (iv).
Next,
(DUFt,ν)(X
h, V ) = U(Gt(KνX
h, b˜))−Gt(KνDUX
h, V )−Gt(KνX
h, DU b˜) = 0
since KνX
h and KνDUX
h are horizontal vectors and DU b˜ is vertical. This is
identity (v).
Since D = ∇ for vertical vector fields, identity (vi) is a straightforward conse-
quence from the definition of Kν and the fact that ∇ is a metric connection.

Let (N, h) be a Riemannian almost product manifold with almost product struc-
ture P . Its Nijenhuis tensor is defined by
NP (A,B) = [A,B] + [PA,PB]− P [PA,B]− P [A,PB]
As usual, the structure P is called integrable if the Nijenhuis tensor vanishes. This
condition is equivalent to the integrability of both the vertical and horizontal distri-
butions on the manifold N . In this case N is locally the product of two Riemannian
manifolds and P is the trivial product structure determined by these manifolds.
Denote by Nν the Nijenhuis tensor of the endomorphism Kν of TP. It can be
written in terms of the form Ft,ν as
Gt(Nν(A,B), C) = (DAFt,ν)(KνB,C)− (DBFt,ν)(KνA,C)
+(DKνAFt,ν)(B,C)− (DKνBFt,ν)(A,C).
(15)
This identity, Corollary 1, and Lemma 3 imply:
Corollary 2. Let κ = (σ+, σ−) ∈ P, X,Y ∈ Tpi(κ)M , U, V ∈ Vκ. Set Pκ =
Kσ+ ◦Kσ− . Then
Nν(X
h, Y h)κ = R(X ∧ Y + PκX ∧ PκY )κ −Kν(R(X ∧ PκY + PκX ∧ Y )κ);
Nν(X
h, U)κ = −((Kσ+KU+ +Kσ−KU− + ενKσ−KU+ + εν(−1)
ν+1Kσ+KU−)X)
h
κ
;
Nν(U, V ) = 0.
Proposition 1. The almost product structures Kν are never integrable.
Proof. Take an oriented orthonormal basis E1, ..., E4 of a tangent space TpM and
define s±i , i = 1, 2, 3, by (1). Set κ = (s
+
1 , s
−
1 ), U = (s
+
2 , 0). Then N1(E3, U) =
N2(E3, U) = 2(E2)hκ and N3(E1, U) = N4(E1, U) = −2(E4)
h
κ
. 
4. Gil-Medrano conditions on the manifold P
Let (N, h) be a Riemannian almost product manifold with almost product struc-
ture P and Levi-Civita connection ∇. Let D be one of its vertical or horizontal
distribution. Denote the dimension of D by m. Define an 1-form on N setting
α(X) =
m∑
l=1
h((∇ElP )(El), X), X ∈ TpN, (16)
where {El} is an orthonormal basis of Dp.
Following [12], we shall say that:
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(a) D has the property F if (∇AP )(B) = (∇BP )(A) for every A,B ∈ D;
(b) D has the property D1 if (∇AP )(B) = −(∇BP )(A) for A,B ∈ D (equivalently,
(∇AP )(A) = 0);
(c) D has the property D2 if α(X) = 0 for every X ∈ D⊥;
(d) D has the property D3 if
h((∇AP )(B), X) + h((∇BP )(A), X) =
2
m
h(A,B)α(X), A,B ∈ D, X ∈ D⊥;
(e) D has the property Fi, i = 1, 2, 3, if it has the properties F and Di.
Remark 2. Note that D has the property D1 if and only if it has the properties
D2 and D3.
For the geometric interpretations of these conditions given in [12], see Section 6.
Combining conditions F , Di, Fi for the vertical and the horizontal distributions
on (N, h), and eliminating their duality, we obtain the 36 Naveira classes.
Lemma 4. Let κ = (σ+, σ−) ∈ P, X,Y, Z ∈ Tpi(κ)M , and U, V,W ∈ Vκ. Set
A = (Xh
κ
+ U) +Kν(X
h
κ
+ U), B = (Y h
κ
+ V ) +Kν(Y
h
κ
+ V ). Then
Gt((DAKν)(B), Zhκ)
= − 12g(R([εν + 1]t1σ
+ × V + + [εν(−1)ν − 1]t2σ− × V −), X ∧ Z
−X ∧ PκZ + PκX ∧ Z − PκX ∧ PκZ)
− 12g(R([εν + 1]t1σ
+ × U+ + [εν(−1)ν − 1]t2σ− × U−), Y ∧ Z
−Y ∧ PκZ + PκY ∧ Z − PκY ∧ PκZ)
+g(([εν + 1]Kσ−KU+ − [εν(−1)
ν − 1]Kσ+KU−)(Y + PκY ), Z);
Gt((DAKν)(B),W )
= − 12g(R([εν − 1]t1σ
+ ×W+ + [εν(−1)ν + 1]t2σ− ×W−), X ∧ Y
+X ∧ PκY + PκX ∧ Y + PκX ∧ PκY ),
where Pκ = Kσ+ ◦Kσ− .
Proof. These formulas follow from Lemma 3 and the identity
Gt((DAKν)(B), C) = (DAFt,ν)(B,C)
by a simple computation. 
Let Dν be the distribution on the manifold P for which Kν |Dν = Id, ν = 1, 2.
Proposition 2. (i) The distribution Dν of the almost product structure Kν does
not have the property F for ν = 1, 2, 4.
(ii) The distribution D3 has the property F if and only if (M, g) is of constant
curvature.
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Proof. (i) Let E1, ..., E4 be an oriented orthonormal basis of a tangent space TpM .
Define s±i , i = 1, 2, 3, by (1), and set κ = (s
+
1 , s
−
1 ), X = 0, U = (s
+
2 , s
−
2 ), Y = E3,
V = 0, Z = E2. Then the identity Gt((DAKν)(B), Z
h
κ
) = Gt((DBKν)(A), Z
h
κ
)
becomes [εν+1]− [εν(−1)ν−1] = 0, an identity, which does not hold for ν = 1, 2, 4.
(ii) By Lemma 4, the distribution D3 has the property F if and only if
g(R(t1σ
+×W+−t2σ
−×W−), X∧Y +X∧PκY +PκX∧Y +PκX∧PκY ) = 0 (17)
for every κ = (σ+, σ−) ∈ P,W± ∈ Λ2±Tpi(κ)M withW
± ⊥ σ± and X,Y ∈ Tpi(κ)M .
Applying this identity for (W+,−W−), we see that condition (17) is equivalent to
g(R(σ± ×W±), X ∧ Y +X ∧ PκY + PκX ∧ Y + PκX ∧ PκY ) = 0.
Replacing σ− and W− by −σ− and −W−, we observe that the latter equations are
equivalent to
g(R(σ± ×W±), X ∧ Y + PκX ∧ PκY ) = 0. (18)
Let E1, ..., E4 be an oriented orthonormal basis of a tangent space TpM and de-
fine s±i , i = 1, 2, 3, by (1). We apply(18) with (a) κ = (s
+
1 , s
−
1 ), W
+ = s+2 , s
+
3 ,
(X,Y ) = (E1, E2), (E3, E4), (b) κ = (s
+
1 , s
−
2 ), W
+ = s+3 , (X,Y ) = (E1, E3), (c)
κ = (s+3 , s
−
1 ), W
+ = s+2 , (X,Y ) = (E1, E2). This gives
g(R(s+3 ), s
+
1 ) = g(R(s
+
3 ), s
−
1 ) = g(R(s
+
2 ), s
+
1 ) = g(R(s
+
2 ), s
−
1 ) = 0,
g(R(s+2 ), s
+
2 ) = 0, g(R(s
+
1 ), s
−
1 ) = 0.
Replacing the basis E1, E2, E3, E4 by E1, E3, E4, E2 and E1, E4, E2, E3, we see that
g(R(s+i ), s
+
j ) = g(R(s
+
i ), s
−
j ) = 0, i, j = 1, 2, 3.
Therefore W+ = B = 0. In the same way, we get W− = 0 from (18). This shows
that (M, g) is of constant curvature.
Conversely, if (M, g) is of constant curvature, the identity (18) is satisfied by (3).

Proposition 3. (I) The distribution Dν , ν = 1, 2, 4, of the almost product structure
Kν has the property D1 if and only if:
(i) (M, g) is of positive constant sectional curvature χ and t1 = t2 =
3
8χ
, in the
case ν = 1;
(ii) (M, g) is anti-self-dual and Einstein with positive scalar curvature s, and
t1 =
6
s
, in the case ν = 2 (no condition on t2 > 0).
(iii) (M, g) is self-dual and Einstein with positive scalar curvature s, and t2 =
6
s
,
in the case ν = 4 (no condition on t1 > 0).
(II) The distribution D3 has the property D1.
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Proof. By Lemma 4, Dν has the property D1 if and only if
g(R([εν + 1]t1σ
+ × U+ + [εν(−1)
ν − 1]t2σ
− × U−), X ∧ Z −X ∧ PκZ
+PκX ∧ Z − PκX ∧ PκZ)
−g(([εν + 1]Kσ−KU+ − [εν(−1)
ν − 1]Kσ+KU−)(X + PκX), Z)
= 0
(19)
for every κ = (σ+, σ−) ∈ P, U± ∈ Λ2±Tpi(κ)M with U
± ⊥ σ± and X,Z ∈ Tpi(κ)M .
As in the proof of the preceding proposition, it is easy to see that this condition
is equivalent to the identities
[εν + 1]
{
t1g(R(σ
+ × U+), X ∧ Z − PκX ∧ PκZ)
−g(Kσ+KU+X,Z)
}
= 0,
[εν(−1)ν − 1]
{
t2g(R(σ− × U−), X ∧ Z − PκX ∧ PκZ)
+g(Kσ−KU−X,Z)
}
= 0.
(20)
Clearly both identities are satisfied if ν = 3. Note also that, by (5), Kσ+KU+ =
Kσ+×U+ and Kσ−KU− = −Kσ−×U− . Thus, if ν = 1, changing the orientation
of M interchanges the identities in (20). If ν = 2, the second identity in (20) is
trivially satisfied and if ν = 4, so does the second one.
Now, suppose that εν + 1 6= 0 and the first identity in (20) holds. Let E1, ..., E4
be an oriented orthonormal basis of a tangent space TpM of M and define s
±
i ,
i = 1, 2, 3, by (1). Taking κ = (s+1 , s
−
1 ), U
+ = s+2 , we get from the first identity of
(20)
g(R(s+3 ), E1 ∧ E3) = g(R(s
+
3 ), E2 ∧ E4) = 0,
2t1g(R(s
+
3 ), E1 ∧ E4)− 1 = 0, 2t1g(R(s
+
3 ), E2 ∧ E3)− 1 = 0,
Therefore
g(R(s+3 ), s
+
2 ) = g(R(s
+
3 ), s
−
2 ) = g(R(s
+
3 ), s
−
3 ) = 0,
t1g(R(s
+
3 ), s
+
3 )− 1 = 0.
(21)
Similarly, taking U+ = s+3 , we obtain
g(R(s+2 ), s
+
3 ) = g(R(s
+
2 ), s
−
2 ) = g(R(s
+
2 ), s
−
3 ) = 0,
t1g(R(s
+
2 ), s
+
2 )− 1 = 0.
(22)
Replacing the basis E1, E2, E3, E4 by E1, E3, E4, E2 and E1, E4, E2, E3, we see from
(21) and (22) that
t1g(R(s
+
i ), s
+
j )− δij = 0, g(R(s
+
i ), s
−
j ) = 0, i, j = 1, 2, 3. (23)
Now, the curvature decomposition (6) and the fact that TraceW+ = 0 imply
t1 =
6
s
. Then the first identity of (23) gives g(W+(s
+
i ), s
+
i ) = 0, i = 1, 2, 3. Hence
W+ = 0. The second identity of (23) means that B = 0.
Conversely, if t1 =
6
s
and B = W+ = 0, it is easy to check, using (2), (3) and
(5), that the first identity of (20) is fulfilled. This proves the result for ν = 2.
TWISTORIAL EXAMPLES OF RIEMANNIAN ALMOST PRODUCT MANIFOLDS 13
If ν = 1 or ν = 4, the second identity of (20) holds if and only if t2 =
6
s
and
B =W− = 0.

Proposition 4. The distribution Dν , ν = 1, ..., 4, has the property D2.
Proof. Denote by αν the 1-form corresponding to the distribution Dν via (16).
Let κ = (σ+, σ−) ∈ P and set Pκ = Kσ+ ◦ Kσ− . Take an oriented orthonor-
mal basis E1, ..., E4 of Tpi(κ)M such that PκEi = −Ei for i = 1, 2 and PκEj =
Ej for j = 3, 4. Let V
±
i , i = 1, 2, be a g-orthonormal basis of V±. Then
Eh3 , E
h
4 ,
1√
t1
(V +1 , 0),
1√
t1
(V +2 , 0),
1√
t2
(0, V −1 ),
1√
t2
(0, V −2 ) is a Gt-orthonormal basis
of the fibre of D1 at pi(κ), Eh3 , E
h
4 ,
1√
t1
(V +1 , 0),
1√
t1
(V +2 , 0) of D2, E
h
3 , E
h
4 of D3, and
Eh3 , E
h
4 ,
1√
t2
(0, V −1 ),
1√
t2
(0, V −2 ) is a Gt-orthonormal basis of the fibre of D4 . Using
these bases, we get αν = 0 by Lemma 3. 
Remark 2 and Proposition 4 imply:
Proposition 5. The distribution Dν , ν = 1, ..., 4, has the property D3 exactly when
it has the property D1.
Lemma 3 imply the following.
Lemma 5. Let κ = (σ+, σ−) ∈ P, X,Y, Z ∈ Tpi(κ)M , and U, V,W ∈ Vκ. Set
A˜ = (Xh
κ
+ U)−Kν(X
h
κ
+ U), B˜ = (Y h
κ
+ V )−Kν(Y
h
κ
+ V ). Then
Gt((DA˜Kν)(B˜), Z
h
κ
)
= − 12g(R([εν − 1]t1σ
+ × V + + [εν(−1)ν + 1]t2σ− × V −), X ∧ Z
+X ∧ PκZ − PκX ∧ Z − PκX ∧ PκZ)
− 12g(R([εν − 1]t1σ
+ × U+ + [εν(−1)ν + 1]t2σ− × U−), Y ∧ Z
+Y ∧ PκZ − PκY ∧ Z − PκY ∧ PκZ)
−g(([εν − 1]Kσ−KU+ − [εν(−1)
ν + 1]Kσ+KU−)(Y − PκY ), Z);
Gt((DA˜Kν)(B˜),W )
= − 12g(R([εν + 1]t1σ
+ ×W+ + [εν(−1)ν − 1]t2σ− ×W−), X ∧ Y
−X ∧ PκY − PκX ∧ Y + PκX ∧ PκY ),
where Pκ = Kσ+ ◦Kσ− .
Proposition 6. (i) The distribution D⊥1 has the property F if and only if the
manifold (M, g) is of constant curvature.
(ii) The distribution D⊥ν does not have the property F for ν = 2, 3, 4.
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Proof. By Lemma 5, the distribution D⊥ν has the property F if and only if the
following two identities hold:
g(([εν − 1]Kσ−KU+ − [εν(−1)
ν + 1]Kσ+KU−)(Y − PκY ), Z)
= g(([εν − 1]Kσ−KV + − [εν(−1)
ν + 1]Kσ+KV −)(X − PκX), Z),
g(R([εν + 1]t1σ+ ×W+ + [εν(−1)ν − 1]t2σ− ×W−), X ∧ Y −X ∧ PκY
−PκX ∧ Y + PκX ∧ PκY ) = 0
(24)
for every κ = (σ+, σ−) ∈ P, X,Y, Z ∈ Tpi(κ)M , U, V,W ∈ Vκ .
Let E1, ..., E4 be an oriented orthonormal basis of a tangent space TpM and
define s±i , i = 1, 2, 3, by (1).
If ν = 2, 3, 4, the first identity of (24) does not hold for κ = (s+1 , s
−
1 ), X = 0,
U = (s+2 , s
−
2 ), Y = E2, Z = E3.
If ν = 1, (24) reduces to
g(R(t1σ
+ ×W+ − t2σ
− ×W−), X ∧ Y −X ∧ PκY
−PκX ∧ Y + PκX ∧ PκY ) = 0.
This is equivalent to the identities
g(R(σ± ×W±), X ∧ Y + PκX ∧ PκY ) = 0.
As we have seen in the proof of Proposition 2, the latter identities are satisfied if
and only if the manifold (M, g) is of constant curvature.

Proposition 7. (I) The distribution D⊥ν , ν = 2, 3, 4, of the almost product structure
Kν has the property D1 if and only if:
(i) (M, g) is self-dual and Einstein with positive scalar curvature s, and t2 =
6
s
,
in the case ν = 2 (no condition on t1 > 0);
(ii) (M, g) is of positive constant sectional curvature χ and t1 = t2 =
3
8χ
, in the
case ν = 3;
(iii) (M, g) is anti-self-dual and Einstein with positive scalar curvature s, and
t1 =
6
s
, in the case ν = 4 (no condition on t2 > 0).
(II) The distribution D⊥1 has the property D1.
Proof. By Lemma 5, D⊥ν has the property D1 if and only if
g(R([εν − 1]t1σ+ × U+ + [εν(−1)ν + 1]t2σ− × U−), X ∧ Z +X ∧ PκZ
−PκX ∧ Z − PκX ∧ PκZ)
+g(([εν − 1]Kσ−KU+ − [εν(−1)
ν + 1]Kσ+KU−)(X − PκX), Z) = 0
(25)
for every κ = (σ+, σ−) ∈ P, U± ∈ Λ2±Tpi(κ)M with U
± ⊥ σ±, and X,Z ∈ Tpi(κ)M .
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This condition is equivalent to
[εν − 1]
{
t1g(R(σ+ × U+), X ∧ Z − PκX ∧ PκZ)
−g(Kσ+KU+X,Z)
}
= 0,
[εν(−1)ν + 1]
{
t2g(R(σ− × U−), X ∧ Z − PκX ∧ PκZ)
+g(Kσ−KU−X,Z)
}
= 0.
Obviously, if ν = 1 these conditions are satisfied, if ν = 2 the first identity trivially
hods and if ν = 4 the second one holds. The result follows from the proof of
Proposition 3.

Lemma 3 easily implies:
Proposition 8. The distribution D⊥ν has the property D2.
Proposition 9. The distribution D⊥ν has the property D3 exactly when it has the
property D1.
5. The Naveira classes of the manifold P
The results in the preceding section allow one to determine the Naveira classes
of (P,Kν , Gt), t = (t1, t2), as follows.
Theorem 1. The Riemannian almost product manifold (P,K1, Gt) belongs to the
Naveira class W1 ⊕W2 ⊕W4 ⊕W5 or to the class W1 ⊕W4.
(P,K1, Gt) ∈ W1 ⊕W4 if and only if (M, g) is of positive constant curvature χ
and t1 = t2 =
3
8χ .
Theorem 2. The Riemannian almost product manifold (P,K2, Gt) belongs to the
Naveira classes W1 ⊕W2 ⊕W4 ⊕W5, W1 ⊕W4 ⊕W5, or W1 ⊕W4.
(i) (P,K2, Gt) ∈W1⊕W4⊕W5 if and only if (M, g) is anti-self-dual and Einstein
with positive scalar curvature s, and t1 =
6
s
(no condition on t2 > 0).
(ii) (P,K2, Gt) ∈W1⊕W4 if and only if (M, g) is of positive constant curvature
χ and t1 = t2 =
3
8χ .
Theorem 3. The Riemannian almost product manifold (P,K3, Gt) belongs to the
Naveira classes W1 ⊕W4 ⊕W5, W4 ⊕W5, or W4.
(i) (P,K3, Gt) ∈ W4 ⊕W5 if and only if (M, g) is of constat curvature.
(ii) (P,K3, Gt) ∈ W4 if and only if (M, g) is of positive constant sectional cur-
vature χ and t1 = t2 =
3
8χ
Theorem 4. The Riemannian almost product manifold (P,K4, Gt) belongs to the
Naveira classes W1 ⊕W2 ⊕W4 ⊕W5, W1 ⊕W4 ⊕W5, or W1 ⊕W4.
(i) (P,K4, Gt) ∈ W1 ⊕W4 ⊕W5 if and only if (M, g) is self-dual and Einstein
with positive scalar curvature s, and t2 =
6
s
(no condition on t1 > 0).
(ii) (P,K4, Gt) ∈W1⊕W4 if and only if (M, g) is of positive constant curvature
χ and t1 = t2 =
3
8χ .
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6. Geometric interpretation
In this section, we restate the results obtained in preceding sections in geometric
terms.
Recall the geometric characterizations of the Gil-Medrano conditions for the
vertical or horizontal distribution D of a Riemannian almost product manifold
([12]). First, condition F is equivalent to D being integrable. Next, a second
fundamental form T of a distribution on a Riemannian manifold has been proposed
by B. Reinhart in [16]. It is a symmetric 2-form with values in the normal bundle.
If the distribution is integrable, T coincides with the usual second fundamental
form of the leaves as immersed submanifolds. A distribution is called minimal if
the trace of T vanishes; it is called totally geodesic if T = 0. It has been proved
in [12] and [16] that a distribution is totally geodesic if and only if every geodesic,
which is tangent to the distribution at one point, is tangent to it at all points. Now,
condition D1 means that D is totally geodesic, while condition D2 is equivalent to
D being minimal.
Theorem 5. (I) (i) The distributions Dν , ν = 1, 2, 4, are not integrable.
(ii) The distribution D3 is integrable if and only if (M, g) is of constat curvature.
(II) All distributions Dν are minimal, ν = 1, ..., 4.
(III) (i) The distribution D3 is totally geodesic.
(ii) The distribution Dν , ν = 1, 2, 4, is totally geodesic if and only if:
• (M, g) is of positive constant sectional curvature χ and t1 = t2 =
3
8χ
, in the
case ν = 1;
• (M, g) is anti-self-dual and Einstein with positive scalar curvature s, and t1 =
6
s
, in the case ν = 2 (no condition on t2 > 0).
• (M, g) is self-dual and Einstein with positive scalar curvature s, and t2 =
6
s
,
in the case ν = 4 (no condition on t1 > 0).
Theorem 6. (I) (i) The distributions D⊥ν , ν = 2, 3, 4, are not integrable.
(ii) The distribution D⊥1 is integrable if and only (M, g) is of constat curvature.
(II) All distributions D⊥ν are minimal, ν = 1, ..., 4.
(III) (i) The distribution D⊥1 is totally geodesic.
(ii) The distribution D⊥ν , ν = 2, 3, 4, is totally geodesic if and only if:
• (M, g) is self-dual and Einstein with positive scalar curvature s, and t2 =
6
s
,
in the case ν = 2 (no condition on t1 > 0).
• (M, g) is of positive constant sectional curvature χ and t1 = t2 =
3
8χ
, in the
case ν = 3;
• (M, g) is anti-self-dual and Einstein with positive scalar curvature s, and t1 =
6
s
, in the case ν = 4 (no condition on t2 > 0).
In the next theorem, we give a geometric interpretation of the Naveira classes of
the Riemannian almost product manifolds (P,Kν , Gt) determined in Theorems 1-4.
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Theorem 7. (I) (i) The distributions D1 and D⊥1 are both minimal ((K1, Gt) ∈
W1 ⊕W2 ⊕W4 ⊕W5).
(ii) D1 and D⊥1 are totally geodesic distributions ((K1, Gt) ∈ W1 ⊕W4) if and
only if (M, g) is of positive constant curvature χ and t1 = t2 =
3
8χ .
(II) (i) The distributions D2 and D⊥2 are both minimal ((K2, Gt) ∈W1 ⊕W2 ⊕
W4 ⊕W5).
(ii) D2 is totally geodesic and D⊥2 is minimal ((K2, Gt) ∈W1⊕W4⊕W5) if and
only if (M, g) is anti-self-dual and Einstein with positive scalar curvature s, and
t1 =
6
s
(no condition on t2 > 0).
(iii) D2 and D⊥2 are totally geodesic distributions ((K2, Gt) ∈ W1 ⊕W4) if and
only if (M, g) is of positive constant curvature χ and t1 = t2 =
3
8χ .
(III) (i) The distribution D3 is totally geodesic and D
⊥
3 is minimal
((K3, Gt) ∈ W1 ⊕W4 ⊕W5).
(ii) D3 is integrable and totally geodesic, and D
⊥
3 is minimal ((K3, Gt) ∈ W4 ⊕
W5) if and only if (M, g) is of constat curvature
(iii) D3 is integrable and totally geodesic, and D
⊥
3 is totally geodesic ((K3, Gt) ∈
W4) if and only if (M, g) is of positive constant sectional curvature χ and t1 = t2 =
3
8χ
(IV) (i) The distributions D4 and D⊥4 are both minimal ((K4, Gt) ∈W1⊕W2 ⊕
W4 ⊕W5).
(ii) D4 is totally geodesic and D⊥4 is minimal ((K4, Gt) ∈W1⊕W4⊕W5) if and
only if (M, g) is self-dual and Einstein with positive scalar curvature s, and t2 =
6
s
(no condition on t1 > 0).
(iii) D4 and D⊥4 are totally geodesic distributions ((K4, Gt) ∈ W1 ⊕W4) if and
only if (M, g) is of positive constant curvature χ and t1 = t2 =
3
8χ .
It is a result of Hitchin (see [2, Theorem 13.30]) that every compact self-dual
(anti-self-dual) Einstein manifold with positive scalar curvature is isometric to S4 or
CP2 with their standard metrics and orientations (resp. the opposite orientations)
(cf. also [8, 10]).
It is well known [1] that the twistor spaces Z± of S4 and CP2 can be identi-
fied as smooth manifolds with CP3 and the flag complex manifold F3. The sphere
S4 is conformally flat, so the Atiyah-Hitchin-Singer almost complex structure on
both twistor spaces Z+ and Z− of S4 is integrable. It coincides with the complex
structure of CP3. The manifold CP2 with the orientation induced by its complex
structure is self-dual, but not anti-self-dual. The Atiyah-Hitchin-Singer almost com-
plex structure is integrable only on Z− and it coincides on this twistor space with
the complex structure of F3. We recall now how the points of CP
3 and F3 deter-
mine complex structures on the tangent spaces of the corresponding base manifolds
compatible with the metric and ± the orientation.
In order to deal with the twistor space of S4, we identify S4 with quaternionic
projective line HP1. Writing quaternions as z1+ z2j with z1, z2 ∈ C, the projection
map pi : CP3 → HP1 is given in homogeneous coordinates by [z1, z2, z3, z4]→ [z1 +
z2j, z3 + z4j]. We orient the space of quaternions by means of the basis (1, i, j, k).
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Consider the sphere S7 as a submanifold ofH2. The group Sp(1) of unit quaternions
acts on S7 by left multiplication and HP1 is the quotient space of S7 under this
action of Sp(1). Denote the quotient map by ρ : S7 → HP1. Let ζ = [z] ∈ CP3,
where z ∈ C4 = H2 and ||z|| = 1. Then ρ(z) = pi([z]). Moreover Ker ρ∗ z =
span{iz, jz, kz} ⊂ TzS
7. Let Hz be the orthogonal complement of span{iz, jz, kz}
in the tangent space TzS
7. Then Hz is invariant under multiplications by i, j, k and
ρ∗ z|Hz is an isomorphism onto Tpi(ζ)HP1. Let I be the complex structure on the
vector space Hz defined by multiplication by i. Then I˜ = ρ∗ z ◦ I ◦ (ρ∗ z|Hz)−1 is a
complex structure on Tpi(ζ)HP
1 compatible with the metric and the orientation. If
we consider the space H with the opposite orientation, then I˜ is compatible with
the metric and the opposite orientation of Tpi(ζ)HP
1. The complex structure I˜ does
not depend on the choice of a representative z of the point ζ ∈ CP3. We refer to
[18, Sec. 5.12] for details.
Now, consider the complex flag manifold F = F3. Recall that its points are
pairs (l,m) of a complex line l and a complex plane m in C3 such that l ⊂ m. In
this setting, the projection map pi : Z± = F → CP2 is (l,m) → l⊥ ∩m, where l⊥
is the orthogonal complement of l in C3 with respect to the standard Hermitian
metric of C3. It is convenient to set E1 = l, E2 = l
⊥ ∩ m, E3 = m⊥ so that
to identify the points of F with the triples (E1, E2, E3) of mutually orthogonal
complex lines in C3 with ⊕3i=1Ei = C
3. Then the projection map pi sends σ =
(E1, E2, E3) to E2. Its fibre is {E1 : E1 a complex line in E⊥2 } ∼= CP
1. The tangent
space of the flag manifold F at σ is isomorphic to Hom(E1, E2)⊕Hom(E1, E3)⊕
Hom(E2, E3) (see, for example, [11]). The embedding of, say, Hom(E1, E3) is
defined as follows. For f ∈ Hom(E1, E3) and t ∈ R, let Γf (t) = {x+tf(x) : x ∈ E1}
be the graph of the map tf in E1 ⊕ E3. Then cf (t) = (Γf (t), E2,Γf (t)⊥) is a
smooth curve in F passing through σ, and the map f → c˙f (0) is an embedding
of Hom(E1, E3) into TσF . Similarly for Hom(E1, E2) and Hom(E2, E3). Clearly
pi ◦ cf (t) ≡ E2. Therefore Ker pi∗ σ = Hom(E1, E3) and the restriction of pi∗ σ
to Hom(E1, E2) ⊕ Hom(E2, E3) is a vector space isomorphism onto Tpi(σ)CP
2 =
Hom(E2, E1 ⊕E3) = Hom(E2, E1)⊕Hom(E2, E3). In particular, we see that the
map pi is neither holomorphic nor anti-holomorphic. The multiplication by i in both
Hom(E1, E2) and Hom(E2, E3) defines a complex structure on the vector space
Hom(E1, E2) ⊕ Hom(E2, E3). Transferring this complex structure to Tpi(σ)CP
2
by means of the map pi∗ σ, we obtain a complex structure compatible with the
metric and the opposite orientation of CP2. In order to obtain a complex structure
compatible with the metric and the standard orientation of CP2, we transfer the
complex structure on Hom(E1, E2)⊕Hom(E2, E3), which is multiplication by −i
on Hom(E1, E2) and by i on Hom(E2, E3).
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